One-loop corrections to the fermion rest mass M 1 , wave function renormalization Z 2 and speed of light renormalization C 0 are presented for lattice actions that combine improved glue with clover or D234 quark actions and keep the temporal and spatial lattice spacings, a t and a s , distinct. We explore a range of values for the anisotropy parameter χ ≡ a s /a t and treat both massive and massless fermions.
I. INTRODUCTION
Examples of successful employment of anisotropic lattices in lattice QCD simulations have been increasing lately. They include extensive studies of the glueball spectrum [1] , investigations of heavy hybrid states [2, 3] and calculations of quarkonium fine structure [4] . In most cases one is dealing with large states requiring large spatial volumes and also signals that can only be extracted from high statistics data. Working with highly improved actions on coarse lattices helps with the large volume and statistics problems, however, a coarse temporal lattice spacing means that correlation functions fall off very rapidly. This last problem can be circumvented by going to an anisotropic lattice which allows for a much finer temporal grid. The correlation functions can be sampled much more frequently in a given physical time region where the signal is still good.
Another potential use of anisotropic lattices would be in simulations of matrix elements in hadronic states with large momenta. These typically occur in semileptonic decays of heavy hadrons. Once one goes beyond spectrum calculations to matrix elements, one is faced with the matching problem between operators in the coarse highly improved lattice theory and continuum QCD. In this article we take a first step in accumulating necessary renormalization factors based on perturbation theory. We carry out the one-loop self energy calculation in several anisotropic improved quark actions. This gives us renormalization of the rest mass M 1 , the wave function renormalization Z 2 and the "speed of light" renormalization, C 0 , a quantity which will be defined more precisely in the following sections. We treat both massive and massless quarks. Perturbation theory can be used not only in operator matchings, but also to fix parameters in the lattice actions. C 0 is an example of one such parameter.
In the next section we introduce the gauge and quark actions considered in this article. Section 3 describes the general formalism that we employ for the self energy calculation with massive fermions. We follow closely the work of the Fermilab group [5] which we could straightforwardly extend to anisotropic actions. Section 4 discusses specific one-loop contributions for mass, wavefunction and speed of light renormalizations. Our results are tabulated in section 5 for various choices of actions, fermion masses and degree of anisotropy. Some calculational details are left for appendices, where we describe Feynman rules and IR subtractions in our calculations.
II. GAUGE AND QUARK ACTIONS
We work with two classes of gauge actions denoted S I G and S II G [6, 7] , with 
and 
The x sum is over lattice sites and the variable s runs over spatial directions. β ≡ 2N c /g 2 , χ is the anisotropy parameter χ = a s /a t
and
u s and u t are the tadpole improvement parameters u 0 for spatial and temporal link variables respectively [8] .
The parameters c [10] . In S II G parameters have been fixed to the Symanzik values. We will be working mainly with Symanzik improved actions and present RG improved results only for a few cases. We note that the action S II G is intrinsically asymmetric even for the isotropic limit χ = 1.
The most highly improved quark action that we have analysed is the D234 action [6] .
The quark fields Ψ c and the dimensionless lattice fields Ψ L are related through
The dimensionless derivatives ∇ (n) and field strength tensorsF µν are tadpole improved [8] and defined in the Appendix. We use the convention σ µν = 1 2 [γ µ , γ ν ] and set r = 1 in all our calculations. At tree-level the coefficients C 0 , C 3 , C 3t , C 4 , C 4t and C F are equal to one. The quark action is then tree-level accurate through O(a 3 s ) and O(a 3 t ). C 0 is what we call the "speed of light". This parameter is adjusted, in general either perturbatively or nonperturbatively, to ensure correct dispersion relations for particles. In anticipation of working on anisotropic lattices with a t much finer than a s , one can drop the higher order improvement terms in the temporal derivatives by setting C 3t = C 4t = 0, without loosing accuracy. We call this action S II D234 .
The familiar O(a) accurate clover quark [11] action corresponds to setting C 3 = C 4 = 0 in the above and using a less improved field strength tensor F µν (also defined in the Appendix) rather thanF µν .
We have carried out one-loop self energy calculations for several combinations of the above gauge and quark actions, for both massless and massive quarks. We list the specific actions considered in Table I . For actions S A and S A ′ massless results have already appeared in [12] . We agree with their results and we include these cases here for completeness. With action S C we treat only the massless case, since our formalism for massive quarks, following [5] , requires that the only time derivatives be in the ∇ t and ∇ (2) t terms. Both S II D234 and S clover satisfy this condition, but S I D234 does not.
III. GENERAL FORMALISM FOR SELF ENERGY CALCULATIONS
In this section we summarize the formalism for self energy calculations, along the lines of reference [5] . Perturbative calculations for massive Wilson quarks are also described in reference [13] . We concentrate on the massive case, since massless lattice perturbation theory has been in the literature for decades.
For massive fermions we use either S II D234 or S clover . The fermion self energy Σ(p) is defined in terms of the momentum space propagators G(p) and G 0 (p) for the full and free theories respectively, as
Carrying out the Fourier transform in p 0 one defines
Γ proj is a projection operator in Dirac space. The ellipses refer to lattice artifacts and additional multi-particle states that could be created by the lattice fermion field operator Ψ beyond the single quark state. The rest mass, M 1 , is defined as
We do not consider the kinetic mass, M 2 [5] in this article. We will renormalize at the point (p 0 , p) = (iM 1 , 0) and define the wave function renormalization constant
For a zero spatial momentum quark propagating forward in time one expects (t > 0)
Our goal in this section is to relate Z 2 and M 1 to parameters in the action and to Σ(p). In order to orient ourselves, however, it is useful to first consider the free case with Σ(p) = 0.
A. Free Anisotropic Propagator
The free propagator G 0 (p 0 , p = 0) for both actions S II D234 and S clover becomes (for r = 1)
In terms of the variable
(p 0 = iE), one finds two zeros of the denominator corresponding to positive energy solutions.
The other two zeros, z 2 andz 2 correspond to negative energy solutions, z 2 = 1/z 1 and z 2 = 1/z 1 . The integral over p 0 in (15) can be done as a contour integral around the unit circle in the variable z. One picks up contributions from both positive energy solutions (for t > 0).
pole atz 1 :
with
Clearly, z 1 is the physical positive energy solution. The second solutionz 1 is a lattice artifact, similar to the time doubler for r = 1 in isotropic actions. The solutionz 1 disappears in the isotropic limit, χ → 1, where a tM (0) 1 → ∞. In the same limit the physical solution z 1 goes over into the well known result
The gap betweenM
independent of m 0 . This becomes ∞ at χ = 1 and approaches 2 as χ → ∞. The size of this gap, a s δE ≥ 2, is hence equal to or larger than the amount by which conventional spatial doublers are raised through the Wilson mechanism. We will henceforth ignorez 1 and concentrate on the physical pole at z = z 1 . Comparing (20) with (15) one sees that there is nontrivial mass dependent wave function renormalization even at tree-level with
This has been pointed out several times in the literature [14, 15] . A useful way to rewrite (18) is
B. Mass Renormalization
In the interacting case one has a nontrivial Σ(p) which we write as
The p = 0 propagator becomes
where, B 0 = B 0 (p 0 , m 0 ) and C = C(p 0 , m 0 ) are evaluated at p = 0. If p 0 = iE is the location of a pole in (28), the following implicit equation must be satisfied.
One can check that the "+" sign leads to the pole M
1 in the free limit. Hence, the implicit equation for M 1 is given by
In a perturbative calculation of M 1 one expands
B 0 and C in (30) start out O(α s ), so through one-loop their argument can be replaced by the tree-level M
1 . Expanding the LHS also through O(α s ) and taking (26) into account, one finds
where the trace is taken over Dirac space. We note that in the M
1 = 0, m 0 = 0 limit, the γ 0 part of the trace tr{(γ 0 + 1)Σ} does not contribute and one has
In order to have massless quarks remain massless under renormalization, one needs to carry out additive mass renormalization and M In equations such as (28) or (30) one always has the combination a t m 0 − C. Using (34) one can add and subtract a t m c so that
Previous derivations go through with m 0 replaced by
In most lattice simulations, m c and hence also m are determined nonperturbatively from the simulations themselves. ForC, however, one still often uses the one-loop result
is now given in terms of m rather than m 0 . We will be presenting our results as functions of a s M 
rather than by (26). In (32) one needs to replace C byC. Our final formula for the one-loop mass correction, measured in units of 1/a s then becomes
This expression vanishes automatically for M
1 = m = 0. We prefer to measure dimensionful quantities in terms of 1/a s rather than 1/a t . When exploring χ ≥ 1 it makes more sense to fix a s and let a t be arbitrarily fine, rather than to fix a t and let a s become arbitrarily coarse. In the isotropic limit (40) agrees with formulas in the literature [5, 13] .
C. Wave Function Renormalization
In order to extract a general formula for the wave function renormalization Z 2 we need to find the residue of G(p 0 , p = 0) at the pole p 0 = iM 1 . In terms of the variable z the Fourier transform in (15) has the form
where the integral is taken over the unit circle. To find the residue we expand the denominator around z 1 = e
The contribution from the physical pole to G(t, 0) is then
One finds for the numerator
and for the denominator
One can now read off Z 2 and after recognizing the last term in (45) as derivatives acting on different parts of a t Σ(p 0 , p = 0, m), one obtains
The one-loop approximation to Z 2 is obtained by expanding M 1 once again in α s .
In the last expression we have found it convenient to factor out the tree-level Z
. Equations (47) and (48) go over into the formulas of [5] in the isotropic limit.
D. Speed of Light Renormalization
In order to discuss renormalization of the speed of light one needs to look at the inverse momentum space propagator at small but nonzero spatial momentum.
with K j = 1 for S clover and K j = (4 − cos(a s p j ))/3 for S I,II D234 . One can rewrite G −1 (p) as
C 0 is adjusted so that for small a s p j the relative coefficient of the γ 0 sin(a t p 0 ) and the γ j a s p j /χ terms remains equal to unity.
for all quark actions in this limit (of course, K j sin(a s p j ) is a better approximation to the continuum a s p j in the D234 action than in the clover action), and one has
Just as with Z 2 we will define the speed of light renormalization at the zero spatial momentum mass shell point p = (iM 1 , 0). From (27) the two terms B j and B 0 needed for C 0 at one-loop can be extracted through
We note that in the massive case there is nontrivial renormalization of C 0 even in the isotropic limit χ = 1, due to our noncovariant mass shell condition, p = (iM 1 , 0). Nevertheless, we believe the above definition of the renormalization of the speed of light is a sensible and physical one.
IV. ONE-LOOP CONTRIBUTIONS TO Σ(P )
In the previous section one-loop corrections for M 1 , Z 2 and C 0 were determined in terms of traces over Σ(p) or over derivatives acting on Σ(p). In this section we describe the lattice perturbation theory diagrams that contribute to Σ(p) at one loop. For all quark actions considered one can write
Σ reg is the regular "rainbow" diagram, the only diagram that exists in a continuum self energy calculation. Σ tad denotes contributions from the lattice artifact tadpole diagram and Σ t.i. comes from perturbatively expanding the u s 's and u t 's entering definitions of tadpole improved derivatives (see Appendix). The main idea behind tadpole-improved perturbation theory [8] is to have Σ t.i. cancel the bulk of Σ tad . We find in many instances, especially with S clover , that cancellation is complete if one uses the Landau link definition for u s and u t and works in Landau gauge.
In terms of the gauge propagator D µν , quark propagator G 0 and the vertex functions V µ , one can write a t Σ reg (p) as the following loop integral over the dimensionless momentum
where, ap stands for (a t p 0 , a s p) and
) are detailed in the Appendix. The argument α g in the gauge propagator comes from the gauge fixing term, with α g = 1 and α g = 0 corresponding to Feynman and Landau gauges respectively. Our codes have been written for general α g and we have used gauge invariance of M 1 and C 0 as one check on our results. Equation (56) has the familiar form for a self energy integral. The only subtlety is to verify that one is indeed calculating Σ reg measured in units of 1/a t , given the conventions in our Feynman rules. As explained in the Appendix, we choose to work with a dimensionless momentum space gauge propagator D µν . It comes from the Fourier transform of the dimensionless correlator (a µ A µ ) (a ν A ν ) . The relation between D µν and a more conventional propagator of dimension 1/(energy) 2 , denotedD µν , is
Our vertex functions, V µ , are also subtlely different from those in isotropic lattice perturbation theory. They keep tract of the 1/a µ in the derivatives, i.e. of whether one has a 1/a s or 1/a t there. IfṼ µ are vertex functions normalized such thatṼ µ → −iγ µ for all µ in the continuum limit, then the relation to the V µ of (56) is given by
Using (57) and (58) one can write
To evaluate (56) we made extensive use of the symbolic manipulation package Mathematica. The integrals themselves were done using the VEGAS program [16] . The various steps involving Mathematica were to 1. calculate the products
carry out the Dirac traces such as tr{(1 + γ 0 )Σ} ; 3. take derivatives with respect to external momenta ; 4. put things on the mass shell p = (iM 1 , 0) ; and 5. use trigonometric identities to re-express the full integrands in (56) in terms of powers ofk µ ≡ 2 sin(k µ /2). The last step facilitated speedy evaluation of the integrand by VEGAS.
Both M 1 and C 0 are physical quantities. In addition to being gauge invariant they are also IR finite. The wave function renormalization Z 2 , on the other hand, is gauge dependent and also generally logarithmically IR divergent. In any calculation of a physical quantity this IR divergence will eventually be cancelled by vertex corrections and/or matching to continuum operators. In this article we will isolate the gauge dependent IR divergence in Z 2 , verify that it is the same as in the corresponding continuum theory and present results for the remaining IR finite parts. The IR divergence is found in the contribution from Σ reg to Z 2 . More specifically it resides in the following term in (48)
We adopt the method of reference [13] to subtract IR divergent contributions inside integrands and rewrite (60) as
Explicit forms for F sub (k, m eff , Λ, λ) and F (m eff , Λ, λ) are given in the Appendix. λ is a gluon mass introduced to regulate IR divengences. F sub has been constructed to match the same IR divergence as the first term inside the integral in (61). As a result the integral becomes independent of λ. The other condition on F sub is that the integral (62) be easy to do analytically. The simplest approach is to use a continuum self energy expression for F sub with an appropriate choice for the mass parameter m eff . The need to adjust m eff to optimize matching of the IR behaviours in F sub and the lattice integrand, was emphasized in reference [13] and following that work we find
The same F sub and m eff work for both the clover and D234 quark actions since the IR structure of the two theories agree. Finally, Λ ≤ π in the above expressions is a cutoff imposed on F sub so that
The full expression (61) must be independent of Λ.
The second contribution to Σ(p) is the tadpole contribution Σ tad (p) coming from the two-gluon emission vertices listed in the Appendix. For quark action S II D234 one has
Σ tad (p) in the case of S clover is obtained by setting C 3 = C 4 = 0 in the above expression. The appropriate traces and derivatives with respect to external momenta can be carried out immediately and one has
i tr
where B tad j and B tad 0 are the contributions from the tadpole diagram to (52) and (53) or (54). All the integrals are IR finite and very easy to carry out numerically. Contributions from Σ tad typically dominate over those from Σ reg but the bulk if not all of it is cancelled by Σ t.i. .
The lattice covariant derivatives in the quark actions are tadpole-improved. They are listed in the Appendix. In momentum space one has, for instance
where we have perturbatively expanded
Even in the absence of the regular and tadpole one-loop diagrams there are hence O(α s ) terms in the quark propagator. We denote the inverse quark propagator with the u µ 's still in place as G
can be written as
From the difference in (72) one sees that one link hops bring in factors of 1
and two link hops factors of 1 − 1/u
µ etc. Using these rules one finds
The relevant traces and derivatives become −tr
The Landau mean link definition of u µ is given by 
V. RESULTS
In this section we summarize results for the one-loop coefficients, a s M for mass, wave function and speed of light renormalizations respectively. These follow from equations (40), (48) and (51) - (54) and each has, as explained in the previous section, contributions from regular, tadpole and t.i. diagrams. The numbers in our Tables are coefficients of α s . The Landau mean link definition of u µ is used throughout to implement tadpole improvement.
In Table II 
All our calculations have been carried out for two values of the gauge fixing parameter α g , 1.0 and 0.0. Table II lists both sets of results and one sees that gauge invariant quantities are independent of α g within numerical integration errors ( which we take to be at the ±0.003 to ±0.006 level depending on the mass). Our results for a s M (0) 1 = 0 agree with those from [12] . Fig. 1 . One sees that the mass dependence is smooth and that one reaches saturation rapidly already around a s M (0) 1 ∼ 3.0 − 5.0. We also compare with non-tadpole improved results for which the curve saturates around 1.827 rather than around 1.077. In considering the large mass limit it is useful to note that the factor Z In Tables III, IV Table  I . We also list the combination (reg + tad) for each case. If one chooses to implement tadpole improvement differently from what we have done here or decides not to tadpole improve, then a s M (1) 1,sub can be calculated straightforwardly from (reg + tad) and the formulas presented in this paper. For action S C we list only massless results for reasons explained in section II. The dispersion relations of this and similar actions are discussed in reference [18] . Our choices for anisotropy values in Tables IV and V, were dictated in part with an eye towards practical numerical simulations. Values such as χ = 3.6 and χ = 5.3 were taken from recent work on nonperturbative determinations of the renormalized anisotropy in pure glue theory [19] . For one value a s M 
1,sub on χ is very mild. Effects of tadpole improvement are significant only for small values of χ. This is because due to cancellations in the subtraction of equation (78) only the temporal tadpole and the temporal Landau link term u 1,sub and both these become small as χ increases.
Finally we mention that the one-loop expression for the critical bare mass m c is given by
Starting with (48) we define
λ is the gluon mass in units of 1/a s . It is the coefficient of α s after factoring out Z (0) 2 that has the same IR ln(λ) and ln(am) structure as the continuum wave function renormalization constant. From (48) one also sees that there are two contributions to Z (1) 2 , one coming from the d/dp 0 derivative term and the second from the expansion of M 1 . Accordingly we write
In the literature Z
2,M 1 is not always included as part of the definition of Z
2 . Z
(1) 2,dp 0 alone with unimproved Wilson glue goes over in the large mass limit to the wave function renormalization of reference [17] . Including Z (1) 2,M 1 leads to the static result of reference [20] which has been used in many subsequent static calculations, for instance in [21] . This latter static value also corresponds to the large mass limit of the one-loop Z 2 calculated in many versions of NRQCD actions [22] . Table VI presents results for Z (1) 2,dp 0 and the full Z A . Again we agree with reference [12] for m = 0. However, one notices that the massive data do not tend towards the massless result as a s M (0) 1 decreases. This is because our massive numbers include ln(am) contributions which will eventually diverge, whereas in the massless theory we have set the fermion mass identical to zero from the beginning. This leads to different IR structure for the two theories (see Appendix B for some further discussions). In a matching calculation one will be looking at differences between the lattice and continuum Z 2 . As long as IR divergences are handled in the same manner in the lattice and continuum evaluations, one should not run into any problems and the m → 0 limit should be smooth. For instance, using dimensional regularization in the MS scheme one finds in Feynman gauge the UV finite continuum results
Taking the difference between continuum and lattice wave function renormalization constants, it makes sense to consider the following subtracted Z 2 factors.
2,dp 0
Numbers for Z
2,dif f are given in Table VII and one sees that the m → 0 behaviour is smooth.
In Tables VIII through XII we present Z (1) 2,dp 0 and Z 
For the speed of light renormalization we present the most detailed results for action S B rather than for S A since the former, for χ > 1, is genuinely anisotropic. In Table XIII we list separately regular and tadpole diagram contributions, their gauge invariant sum (reg + tad) ≡ (C is independent of α g within numerical integration errors which are the most severe when using (53) for nonzero but small masses. In Figure 3 . we plot C In Table XV we present results for actions S A and S A ′ . In these isotropic actions nontrivial C 0 comes about because our mass-shell condition p = (iM 1 , 0) distinguishes between spatial and temporal directions once M 1 > 0. Table XVI summarizes results for action S D . Here tadpole improvement does not decrease the magnitude of the one-loop correction, however, for a wide range of mass values it is still true that C (1) 0 switches sign for χ > 1 and that the χ → 1 limit becomes smoother after tadpole improvement.
VI. SUMMARY
We have carried out one-loop perturbative renormalization of the fermion rest mass M 1 , wave function renormalization Z 2 and the speed of light C 0 for a range of highly improved actions on isotropic and anisotropic lattices. We find that the dependence of the one-loop coefficients on the anisotropy parameter χ = a s /a t and on the tree-level mass parameter a s M (0) 1 is mild, especially after tadpole improvement of the actions. Furthermore, none of the coefficients are particularly large. M 1 and C 0 exhibit smooth behaviour as one approaches the massless, large mass, χ → 1 and large χ limits. This also holds for Z 2 if more physical combinations such as the difference between continuum and lattice wave function renormalizations are considered. The next stage in our program would be to extend the present calculations to vertex corrections and to matchings between continuum and lattice currents and other multi-fermion operators.
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APPENDIX A: DEFINITIONS AND FEYNMAN RULES
In this Appendix we summarize definitions for various terms in the lattice actions and present Feynman rules for gauge and quark propagators and for vertex functions.
Covariant Derivatives Acting on Quark Fields
∇ µ Ψ(x) = 1 2 1 u µ [U µ (x)Ψ(x + a µ ) − U † µ (x − a µ )Ψ(x − a µ )] (A1) ∇ (2) µ Ψ(x) = 1 u µ [U µ (x)Ψ(x + a µ ) + U † µ (x − a µ )Ψ(x − a µ )] − 2 Ψ(x) (A2) ∇ (3) µ Ψ(x) = 1 2 1 u 2 µ [U µ (x)U µ (x + a µ )Ψ(x + 2a µ ) − U † µ (x − a µ )U † µ (x − 2a µ )Ψ(x − 2a µ )] − 1 u µ [U µ (x)Ψ(x + a µ ) − U † µ (x − a µ ) Ψ(x − a µ )] (A3) ∇ (4) µ Ψ(x) = 1 u 2 µ [U µ (x)U µ (x + a µ )Ψ(x + 2a µ ) + U † µ (x − a µ )U † µ (x − 2a µ )Ψ(x − 2a µ )] − 4 1 u µ [U µ (x)Ψ(x + a µ ) + U † µ (x − a µ ) Ψ(x − a µ )] + 6 Ψ(x)(A4)
Field Strength Tensors
For the unimproved F µν of the clover action we use
improved field strength tensor of the D234 actions is
The last term ensures that factors of 1/u µ are correctly removed from those contributions to UF µν U † and U † F µν U that end up being four link objects rather than six link ones. In a one-loop calculation, however, one can set u µ = 1 everywhere in the definition of the field strength tensor and this correction term is irrelevant.
Both the above covariant derivatives and the field strength tensor are dimensionless. Factors of 1/a t and 1/a s are inserted explicitly where necessary such as in (6) .
Gauge Propagator
The isotropic Symanzik improved gauge action has been discussed quite extensively in the literature [9] . Here we summarize formulas for the anisotropic generalization. We start from the gauge actions S I G or S II G and add to it a gauge fixing term
. Equation (A8) expresses S gf in terms of dimensionless gauge fields a µ A µ . It is convenient to do so, especially since S I,II G are already in dimensionless form with factors of χ and 1/χ properly put in place. IfĀ µ (k) is the Fourier transform of (a µ A µ ), the quadratic terms in the gauge action become
where
The q µν need to be specified only for µ = ν and one has
We have inverted the 4 × 4 matrix M µν using Mathematica keeping q µν general. For both gauge actions, S I G and S II G the free gauge propagator has the structure
The term proportional to the gauge fixing parameter α g has the familiar form
with the conversion factor a µ a ν /a 3 s a t mentioned in (57). This factor results because we are looking at the propagator for dimensionless gauge fields a µ A µ and because we carried out a dimensionless Fourier transform. The second term in (A17) is much more complicated. If one writes
one can show that f D and all thef µν N are functions only of (χk 0 ) 2 ,k 2 j , q ρσ with no other χ dependence or odd powers ofk ρ . We have not shown color indices in the above expressions. The gluon propagator is diagonal in color.
Quark Propagator
The inverse free quark propagator for S I D234 is given by
Propagators for the other quark actions can be obtained by setting the appropriate C i(t) equal to zero. Quark propagators are diagonal in color.
Vertex Functions
In deriving the one-and two-gluon emission vertices we have used the method described in [22] . We list again results only for S I D234 . Those for other quark actions follow trivially. The general form for a single gluon emission vertex is
where µ is the polarization of the emitted gluon, k ′ the momentum of the outgoing quark and k the momentum of the incoming quark. We suppress the color factor T a bc which should multiply each of the above terms. Using the variables
one has
For the clover action the factor
µν should be replaced by 1. For the two-gluon emission vertex we do not present the most general result, but restrict ourselves to those terms necessary for the tadpole diagram Σ tad . For instance, the σ µν F µν term does not contribute to the tadpole diagram. We also omit terms that vanish upon symmetrizing between the two gluons. If V
stands for the emission vertex for gluons of momentum q i and polarization µ i , with
The color factor for these vertex functions is (T a 1 T a 2 ) bc .
APPENDIX B: IR SUBTRACTIONS
In this Appendix we list the IR subtraction, F sub of equation (61), necessary to control numerical integration of IR divergent integrals. A gluon mass, λ/a s , is introduced into D µν by replacing the first factor in (A17) by
The lattice wave function renormalization Z 2 must reproduce the same IR divergence structure as in continuum QCD. For Z −1 2 at one-loop the IR divergence is
We note that by the m = 0 theory we mean one in which the quark mass has been set to zero before taking the limit λ → 0. This is the usual practice in much of the literature on massless lattice perturbation theory. Alternatively one could take the limit am → 0 and λ → 0 keeping am ≥ λ. Since we want to compare with some of the massless literature with improved glue actions (e.g. [12] ) we adopt the first definition in this article. In our massive calculations we do not go to extremely small masses and have not attempted to isolate ln(am) contributions.
For our VEGAS integrations it was convenient to separate the d/dp 0 derivative in (61) into two parts
Corresponding to the two parts with derivatives acting on the numerator or denominator, respectively, we introduce two separate subtraction terms F num sub and F den sub . These are obtained by calculating the self energy diagram in continuum Euclidean perturbation theory with an appropriate mass m eff and the mass-shell condition p = (i m eff , 0). The effective mass follows from expanding the lattice integrand in (61) about small k and comparing with the continuum calculation [13] . It is given in (64). After converting to the dimensionless integration variables k µ of (61) one has for the part with the derivative acting on the denominator
The θ-function imposes a cutoff on F den sub so that it vanishes identically for k 2 > Λ 2 , where Λ is some number 0 < Λ ≤ π. The subtraction term can be integrated analytically to give
The contribution in (B3) from the derivative acting on the numerator is
which leads to
F den + F num reproduces the IR divergent logarithms of (B2). 
massive and massless χ ≥ 1 Table III .
2,dp 0 no t.i. Z
(1) 2,dp 0 with t.i. Z
2 with t.i. Z
(1) 2,dp 0 no t.i. Z
(1) 2,dp 0 with t.i. Z 
1 values. Results are presented for two choices for the gauge parameter α g = 1 and α g = 0. Z (1) 2 includes both Z (1) 2,dp 0 and Z
2,dif f no t.i. Z 
2,dp 0 with ln(am) contributions subtracted out for action S A in Feynman gauge.
(1) 2,dp 0 with t.i. Z (1) 2,dp 0 no t.i. Z
(1) 2 with t.i. Z
(1) 2,dp 0 with t.i. Z 2,dp 0 no t.i. Z
(1) 2,dp 0 with t.i. Z Table IX .
